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BEHAVIOUR OF SHORY MILD SYEEL BEAMS BENT
INTO THE PLASTIC RANGE OF THE MATERIAL

]
¥

i By
M. A. SHAMA, B. Sc., Ph. D.

Lecturer, Marine Engineering Department

INTRODUCTION

The paper describes some of the tests conducted to study the
behaviour of rectangular section mild steel beams when they are bent
nto the plasticrange of thematerial. The main purpose wasto investigate
the 3-point bending method whichis widely used in forming ship frames.
Asg it was very expensive to carry out full scale tests on ship frames, it
is believed that part of this investigation could be carried out on rectan-
cular szction mild steel beams using Universal Testing Machines.

-~“Therelationship between the applied load or bending moment and
the different variables, 1n the elastic and plastic régions, were established
experimentally. The variables considered are; the applied force or
bending moment, the central deflzction, the slopes at the supports, the
curvature at midspan, the extreme fibre strain and the spring back in its
different phases (in curvature, in ceitral deflection and in slopes at the
supports). The spring back is investigated in terms of the initial and
final deformations as well as in relation to the applied load. In this
paper a comparison is made between the experimental and theoretical
results. The latter is based on the simple theory of elastic bending and
is given in reference (1). It is shown in reference (1), that the rela-
tionship between the applicd load or bending moment and the different
variables depends entirely on the shape of the siress-strain diagram
of the material used, namely yield stress, yield strain and rate of strain
hardening. The true stress-strain diagram depends to a great deal on
the stress state, residual stresses and strain aging.. Lloyds Register of
shiping gives a wide scatter of the compositions of mild steel uséd in the
shipbuilding industry. The combined effect of all these factors will

"cause a wide variation in the stress-strain diagram. Tests carried out
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shipbuilding steel can vary between 13.0 to 19.0 tons inch?. This -
variation becomes very significant when other types of stresses are acting
besides the normal stresses (i.e.) in the case of combined loading such
as bending of deep sections.

| _ L
'Consequently, in order calculate the applied load or bending
moment required to produce a certain amount of deformation (central
deﬁeétion, curviature ... etc.), it is necessary to know the precise local
stress-train diagram of the material at every section to be investigated.
This is not practical, however, and the tests carried out were intended
to assess» the degree of accuracy of the theoretical calculations which
arc based on an ideal stress-strain diagram.

‘Itis to be noted that this experimental work has been carried out
at Glasgow Universty, Naval Architecture Department.

The notations used are given at the end of the paper.

METHOD OF THREE-POINT BENDING

In practice, the method of the three-point bending is adopted for
the shaping of ship frames in the cold state. There are two alternatives
for lcad application :

a) A central moving ram and two fixed supports.

b) Two moving side arms and a central fixed support.

The three point bending produces axial thrust in addition to the
transverse reaction at the supports. The magnitude of this axial thrust
increases as the slope at the supportsincreases anditintroduces additional
normal and bending stresses, (see Fig. (1)). The effect of this side thrust
should be taken into account when bending is in the plastic range since
large deflections and slopes are obtained. However, it could be neglected
when bending is in the elastic range, since the deflections and slopes are
comparatively small. -

It can be easily shown that, neglecting the moment of the friction
forces at the supports, the bending moment may be calculated as follows

66



yyian v a . .
M o= M, —( ) (——=12) . .
2 2
Where
M = resultant bending moment at midspan. .
{
/
WL . . :
M, = —— = maximum bending moment for a beam
) 4

sithply supported and centrally loaded.

= Slope at the suports. o -

g

W = Appliedload at midspan.

d = Beam depth. -
4

= Central deflection with respect to the supports.

The values of the bending moments obtained from the experimental work
are calculated from equation’(1) so as to take into account the effect
of side thrust. '

EXPERIMENTAL WORK

a) Test specimens :

These were all mild steel beams of rectangular section having
different -ScPth

span .
the specimens were limited by the capacity of the available testing

ratios, as given in' table (1). The dimensions of

rnachines.

1 b)  Testing Machines :

Two universal testing machines, were used for the laod application.
The first has a total capacity of 50 tons and the other has a total capacity
of 200,000 1bs (about 89.5 tons). The accuracy obtained was better than
4 1% for both machines. ’

c) Measurements :

1. Strains : The strains were measured by electric resistance
strain gauges which are fixed on both sides of each beam. Tinsley
equipments were used for strain measurements up to 4- 0.59% strain.
In addition, Phillips bridge G. M. 4571 was used for strain measure-
ments up to 4 1.0% change of strain.
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" Table 1. Laboratory Test Beams.

‘ Beam | Depth | Thickness | Span L. | Momt of

; No. d t L —_

‘ inches inches inches d inch 4
1 , 1.851 0.3180 12.0 6.483 0.1682
2 1.800 0.3455 12.0 6.666 0.1675
3 2250 | 03500 90 | 4.000 | 03320
s 7] 2000 |oo2sis |90 7| dso0 | o067
5 2.000 0.3000 | .- 9.0 4.500 0.2000
6 2.000 0.3000 9.0 4,500 £.2000
7 3.000 0.5000 12.0 4.000 1.1250
8 3.500 0.3750 16.0 4.571 1.3389
9 2.500 0.2500 16.25 6.500 0.3255
10 3.000 | 0.3770 13.25 4.416 0.8483

2. Curvature : The curvature at midspan was determined by
using two strain gauges,one on each side of the lonzgitudinal centre-line
of the beam, allowance being made for the shift of the neutral axis. The.
following equation is used for curvature calculation. '

1 € 1 €&
P Z.+Z
Where
e, = compressive strain at a distance Z. from the

longitudinal centre line of the beam:.

Z. = distance of the compressive strain e from the
longitudinal centrelire of the beam;

e, = tensile strain at a distance Z: from the centre line of -

the beam;
Z, = distance of the tensile strain e from the: lon01tudmal

centre-line ses fie. (2).



1
— = curvature at midspan attained by the neutral axis.
P
Note :
’ , _
. JIf the curvature is cicular or parabolic, it can be shown from _
clementary geometry, that :

, :
84

_ R = b2
Where :
1
—— = Curvature at the outer edge of the beam.
R
4 = Central deflection through a small distance b.

Hence, using two dial gauges at a distance iz apart, such that one gauge
is at midspan, the central deflection before and after spring back can be

rce};dily obtained, and the corresponding curvatures can bz’ directly
. calculated.

3. Slopes at the supports . The slpes were deduced from the
deflected profile using a dial gauge, which measured the rotation of the
unbent part of the beam. . .

4. Deflections : These were measured relative to the machine
bed at midspan and at other sections of the beam, by means of Mercer
dial gauges which can read to + 0.0001 inch, see Fig. (3).

REST RESULTS

~ In the ‘following analysis, a comparison is made between the
experiunental and the theoretical results. The iatter are obtained from
the simple theory of elastic and plastic bending.

The error percent is calculated as follows :

‘Theoretical value-Experimental value
Error %, = X 100
Theoretical value .
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From these tests, it was found that the relationship between :
1. Bending moment & extreme fibrejstrain is as shown in Fig.(4).
2. Bending moment & slope at the supportsis as shownin Fig. (5).

3. Load & central deflection is as shown in Fig. (6).
)

It is obvious that each curve could be divided into two regions,

namely @
a) : Elastic Region :

i. It was found that a ce'rtéin amount of permanent set is

inevitable after releasing the applied load. This is believed to-be chieﬁy'

due to the residual stresses remaining after unloading.

ii. From table II, itis clear that the deviation of the experimental
values from the corresponding theoretical values of EI could reach 36 %
and for EZ, could reach259%,. This rules out the possibility of approxi-
mating 3 point bending by a beam simply supported and centrally loaded.

iii. Inthe case of M & e relationship, the valés of M4, are always
less than the yleld moment A4,, as given in Table III. These low values
of M4, are believed to be due to the effect of shear stresses, concentrated
loading and possibly due to residual stresses.

b) Strain Hardening Region :

i. This region is represented by the curve BD in Fig. (4), which
could be approximated by a straight line as shown in Fig. (I3). See
Apprndix (I). -

Values of M, Mp and M¢ as obtained from M & ¢ and M & 4 curves
are givenin Table (III) and are compared with M, and M, as calculated
according to the simple thzory of plastic bending. It is found that :

MA; < My << MAZ

_and Mg, < M, < Mp

These results indicate that M& e relationship gives Jower values for the
forces and bending moments whereas M & 4 relationship gives higher
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values. The results obtained from M& 4 curves viz : My, & Mp,
indicate clearly the existence of the strain hardening. The higher values
of M,, in comparison with M, implies that in spite of yielding at the
extreme fibres, the central deflection still behave in an elastic fashion.
This, in cﬁ’?ct, justifies the statement given by Prager :

“The elements of the great'est. distance from the.neutral axis
are the first to reach the stress which brings them into the
plastic region. But sinceé this entry is accompanied by
discontinuous increase in the extension (or compression) to
which the nearer elements beingstillin the elastic state, cannot
adapt themselves, the external-elements do not as yet""c'nter
the plastic region, but pass the yield point still remainingelastic
It 1s only after the bending moment has increased sufficiently
for the whole transverse section to enter the plastic state that
the transition to this state occurs instantaneously for all the
elements of that section. The first plastic deformations
shown by the so-called Liiders or Hartmans lines can
not then be produced until the bending moment has reached
the value that can be calculated by attributing to all the
elements of the normal sesction the stress whose absolute
values are equal to the yield point™. .

This statement was quoted by Volterra in reference (3).

if. It was found experimentally that the ratio of M1 varies
_ : 41
between 1.4 to 1.6 with a mean value of 1.5 which is very close to the
correponding theoretical value (i.e.) the shape factor as given by the
simple theory of plastic’bending.

Plastic modulus of the section

The shape factor =
elastic modulus of the section .

MP ZP
i.e. = = 1.5 for a rectangular section.
My ZC

iii. The values of the bending moment Mc, which are obtained
after neglecting the transition ragion were found to be very close to the
values of the fully nlastic moment Mp. From Table (II), it is clear
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that the ratio M,/M¢, varies between 0.87 to 1.02 with a mean value
very close to unity. In other words, the bending moment at the end
of the elastic region in the modified M& 4 cuve could be approximately

calculated using the simple theory of plastic bending.
! .

:
2. Spring Back Results :

a) The experimental results for the relationship between the applied
load (or bending moment) and the spring back (in its different
phases) are shown in Figs. (7) and (8). Each curve consists of
two straight lines representing the elastic region O4 and the
strain hardening region BD. '

b) In the elastic range it is. shown that the theoretical slope of the
“Load-recovered deformation’ relationship;”is always less than
the experimental value, as given in Table (IV). This indicates
the presence of a certain amount of permanent set which is rather
difficult to compute since it dpends on the magnitude and distri-
bution of the residual stresses existing before bending.

c) When bending is carried out in the strain hardening range the
experimental values for the spring back are found th be larger
than the corresponding theoretical values. This could be explained
as follows : |

When a beam is bent into the strain hardening region and then
unloaded, the final stress and strain must comply with three conditions (4)

i. Strain distribution must remain linear before and after spring
back to satisfy compatibility conditions. (Neglecting the effect of
section distortion).

ii. The resultani normal force must be zero.

~iii. The resultant bending moment of the residual stresses must
also be zero.

In order to satisfy thesz conditions, the unloading line,-in the
strain hardening range, must be linear, as shown in Fig. (9). This

indicates that the outer fibres. which were under tension, will be subjected

to compressive residual stresses and vice versa. Consequently, the spring
back- of the outer fibres will be larger than tke correspnding values
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obtained from a tension test, as shown by point“P” in Fig. (9). Hence,
the spring back value depends on the magpitude of the applied bending
-moment, the geomeiry cf the section, and shape of stress strain diagram.
The lattcr becomes more difficult to determine precisely, when other
types of stressvs (radial stresses, stresses due to axial thrust, etc). arc
'actmg in addition to the normal stresses, as in the case of o-pomt bending.
/ .

d) The exact calculation of any phase of the spring back (spring back
in curvature, in slope, etc).is so far not possible due to the effects
of the above mentioned factors. However, in the spccxal case
of W & &s relatlonshlp, the experimental results are rcasonably
close to the theoretical values when shear effect is taken into
account. The maximum deviation.was found to occur when the
‘span/depth ratio is 4.0 as shownin Table (IV) for beams (3) and (7)
e) The effect of varying.——;f,—:;— ratio (i.e. -—I‘; ratio) from 4 to 7 on
the central deflection is shownin Fig. (10). It is clear that there is
good agreement between theoretical and experimental reults at
~some points. It is believed that the scatter of some of the points
is mainly due to measuring errors and possibly due to using short
beams having '1:;— = 4.0 whichmay be subjected to a very complex

stress syslem.

3. Results Obtained From Deformations Before and After Spring Back.

It was found that the relationship between the central deflection,
~ slope ... etc., before and after spring back is as shown in Figs. (11)and 12.
" Each curve could be divided into two regions, namely : '

i. Elasiic and Elasto-Plastic Region :

This region is represented by the transition curve 0A4. As
eforrnations taking place in this region are relatively small, we shall
only consider the strain hardering ragion, Figs.(11),(12)’

ii. Strain Har dermb-Reozon :

This ragion is represented by the straight line AB. The results
are shown in Table (¥) for the 4&8 curve. Itis shown’that there is
good agreement batween the thzoretical and experimental results for the
slope of the line A B whereas there is less agreement btween the
experimental and calculated central defiections (i-e.) 4d¢ and dgc.
(See Appendix II). '
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As for the- 1 & 2 relationship the slope of the stralght line
1 2

AB, representmg the strain hardening region is given by E‘%i = 1.01

which is very close to unity. The exprimental slope was found to vary
from 1.0—1.C3 which indicates good agreement, see appendxx HI. It is
concluded therefore that assuming linear strain hardening gives
reasonable correlation between theoretical and experimental results for
the deformations’ b fore and after spring back.

Cenclusions
From the previous test analysis and results, it is concluded that:

- 1. Due to the variable nature of the steel used in the shipbuilding .
industry, it is impossible to calculate the forces required to form plates
or sections to any specific shape.

2. Because of the inability to predict spring back precisely, trial
and error is the only solution to from a plate or section into a specific
shape.-

3. If the bending machine used for forming plates or sections is
to be automated, the control system musi involve a servo-mechanism to.
overcome the variation in spring back.

4. The simple theory of elastic and plastic bending cannot be
applied for the cases of relatively short beams having span depth ratios of
from 4 to 7.0.

5. The 3-point bending method canuot be approximated.by a
beam simply supported and centrally loaded.

6. Theeffect of strain hardening on the different calculations was
considerable. The simple theory of plastic bending cannot be used to
cxplain the behaviour of relatively short beams bent well into the strain
hardening range of the material. The deviadon of the experimental
results from the calculated values for the applied force (or moment)
was found to be in the range of 15/—35/

7. It was rather difficult to meassure curvatures whetherindirectly
b/ means of strain gauges (due to the high strain values which were out -
of the range of the available strain gauges) or directly by dial gauges
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(due to the relatively large errors resulting from measuring very small
deflections). Had these beams been of larger spans it would have been
more accurate to measure the curvatures by means of dial gauges.

4 . :

3. It is belived that in order to have better correlation between
theoretical and experimental results, it is necessary to investigate the
mechanics of plastic bending with particular reference to starin and
stress distribution in the plastic zone.
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LIST OF NOTATIONS

= slope of the clasticline in the M& e curve for the outermost

tan
fibres.
K ~ . 1 :
tan y, = slope of the elastic line in the M& — curve when calcu-
lated from : P
) -
1 & + e
P Z + Ze )
tan vy = Theoretical slope of the eclastic line in the M & 9
relationship (1)
- EI
(i.e.) tan y3 =
L C 6241
+
4 AL
‘tan ys = Experimental slope of the elasticline in the M & ¢ curve.
tan ys = Theoretical slope of the elastic line of the W & 4
relationship (1)
4Eb
(i.e.) tan ys = ——
L s L
(—) +312(—)
d d
tan ys = Experimental slope of the clasticiline of W & 4 curve.
My o Bénding moment at the end of the elastic line in the M &«
curve.
My, = Bending momént at the end of the elastic line in the M &4
curve.
M, = Yield moment.
M, = Fully plaétic moment.
4 = Central deflection before spring back.



Os

tan

tan

tan

a3

a4

Central deflection after spring back.

Spring back in central deflection.

Spring back in's[ope at the supports.

Bending morment attained by the alastic 'corc. |

Intercept on the M-axisin M & e relationship.

ending moment at the beginning of the strain hardening

rangeinthe M & e and M &4 relationships.

Bending moment at the end of the elastic line in the

modified M & ¢ relationship.

Bénding moment at the end of the elastic line in the

modified M & 4 relationship.

1
Fs

Experimental slopc of the M &

curve.

Theoretical slope of M & 8, relationship (1)

EI
i-e. .tan Ay = - -

L 6.24]

4 AL
Experimental stope of the A7 & 8s curve.
.Theoretical slope of ¥ & 3, relationship
4ED

L L
—) + 312
(=) + 312 (=

le. tan a4 =

)

Experimantal slope of W & 3, curve.

Experimental slope of 4 & & curve in the plastic range.

Intrecept of 4 & 3 curve with the 4 — axis.



4., 4. = Experimental ard calculated centra Ideflections at the load

We.

tan ¥, = Calculatedslope of 4&3 curve (see appendix(1).

tan/ B = Experimental slope of the strain hérdenihg range in the
W & 4 curve.

Note :~ All the above theoretical expressions are given in detail in
reference (1)..

TABLE (1) Elastic Region Results

Beam No.’ 1 2 3 4 5 2
d 1.851 1.860 2250 | 2.000 2.000 2.000
Lid 6.483 6.666 | 4.000 4.500 4.500 4.500
EZ. 2380 2370 3365 2193 2620 2620
ten ¥, 2550 2650 3830 2745 — 2820
°/ error —7.44 | —11.8 | —0.389 | —25.2 — —7.63
El 2205 2195 4350 2193 2620 2620
tan ¥, 2500 2660 5600 3000 — 2950
o/ error —13.4 | —212 | —1495 | —36.8 — 126
tanys 1282 | 1290 | 2403 125.5 | 14970 | 1497
tan 75 97.8 111.2 160.0 93.30 | 106.80 135.0
o/ error FBT LIRS | 43333 | 42565 42870 | -+9.83

S xec s
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Beam No.- 1 2 3 4 6 Notes .
Ma 2390 | 2375 |4.290 |1.950 |2.80 | 3.050 | From M.&e
Mo | 3750 |3900 |6.000 |3450 |420 |4500 | Curves
" Mct 3230 | 2730 | 5360 | 2.475 | 4.00 3.7_25 '

Mm/May | 1570 | 1.642 | 1.422 | 1617 | 156 | 1.428

Maz 400 | 4.500 |5.800 |3.00 |3.80 |4.050 | Fromas &y
Mgz. 520 | 5.400 |7.700%|4.500 |5.50 ['5.200,° .

: : . Curves

Mcz 478 | 5000 |7.050 |3.910 |490 |4.79

Z. 0.1817 | 0.1811 | 0.2951 | 0.1675 | 0.200 | 0.200

M, 2.9100 | 2.8980 | 4.7200 | 2.680 | 3.206 | 3.200 R
Zp 0.2727 | 0.2713 | 0.4420 | 0.2512 | 0.300 | 0.300

M, 4.3650 | 4.3400 | 7.0700 | 4.0200 | 4.800 | 4.800

My[Ma2 1.0910 | €.9650 | 1.2200 | 1.2980 | 1.263 | 1.185

Myls2 0.8400 | 0.8030 | 0.9180 | 0.8950 | 0.873 | 0.842

MpIMc2 0.9140 | 0.8680 | 1.0030 | 1.0280 | 0.980 | 1.002

My/Ma 1.2150 | 1.2150 | 1.1000 | 1.3730 | 1.142 | 1.015

Note : The yield stressoy, = 16.0 tons/inch?
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.TABLE (IV) SPRING BACK RESULTS

Deviation between theoretical and experimental results

Beam %. |l % o/
No. EI | tana;} error tanas | tanajl- error tan ag tanas| error
1 2205 — — 9200 [1167 —29.7 || 12 128.5 | —0.23¢
-2 219‘5 — — 502 1190 | —31.95% 129.0 121.7 } 46.75
3 4350 | 5110 | —17.47 1710 2340 | —36.8 240.3 . 202.Q +15.65
4 2193 | 2660 | —21.30 885 11192 —34 70 i.25.50 116.6 | +7.10C
| 5 | 2620 | 2600 |+0.763 1056 | — — 149.70 | 193.2 +7.02
6 | 2620} 3050 | —16.4 1056 {1263 | —19.60{ 149.70 | 148.0 +1.135
71 — | — _ — | = — 343.0 | 297.0 | +13.20
8 | — | — _ —_ = — 179.5 | 182.8 | —1.&2
9 — — — — — —_ 44.45 47.3 | —6.41
0| — | — — _ = — 198.30] 213.5 | —7.21
TABLE (V) PERMANENT DEFORMATION RESULTS
Blgam ] l . )
o. tanl,lli tanfB tanyr, do | yaps Aec % error
|
1 1.04 4.445 1.036 0.016 , 0.0198 0.0168 —0.38%
2 | 1.034 | 4170 1.034 |0.018 | 00200 | 0.0172 0.000
3 1.040 8.420 1.038 0.015 | 0.0190 0.012.9 —0.122
4 1.042 3.530 1.030 0.016 0.0175. 0.0i38 ' —1.183
5 1.035 4.740 .1.034 0.0143 0.0200 0.0145 —0.087
6 1.035 4.680 | 1.032 0.014 0.0155 0.0142 l —0.25:
7 1.230 — — 0.0335 — 0.0364 —
8 1.045 8.70 1.051 O.kOZS 10.032° 0.0284 l +0.571
9 1.042 1.820 1.042 0.0800 0.0860 0.0878 I 0.00%
10 1.015 1.640 1.008 0.0560 { 0.0630 0.0610 ': —0.56%
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Bending Moment-Extreme Fibre Strain Relation.éixip.

' Tests were carried out on standard specimens to obtain ‘a-inean
Y . . .
value for th yield stress o, , and rate of strain hardening tan a .

It.was found that :
}

- oy — 160 tons/inch?
tan « = 150—160 tons/inch? ,_
E = 13400 tons/inch? ’

The bending moment M is calculated from :

I, . .

M = M. -+ (o — € tan a) :Zp""'—l—' > tan @
' P
1,

= M, -+ M, — ¢ .2Z, tan o + tan a

P -
M. could be neglected without an appreciable erfor.
M, = Z, . vy . )

Z, = KZ, = 1.5 Z,

K = Shape afactor = 1.5 for rectangular sections
.Awp == 24 Ze

Oy
€y ==

£

tan a . ~ 0.011 E—0.012 FE

I, = moment of inertia of the plastic portions of the
section. ' '
I, = I = moment of inertia of the section (when

neglecting elastic core).
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1 »

p df2
‘'where ¢ = extreme fibre strain
| d = depthof beam
1{1 = (237 + 160.8 ¢;) Z,

.whic'n is a straight line having a slope of 160.8 Z, and an i‘ntcr'ccpt' of
237 Z,. '

APPENDIX II

Slope of 4 - 8 curve :

¥rom Fig. (13), we have :

1774 _
R S DE— N )
tan Ys ) .
But W = W. + (4-4:) tan 8 @

From (1) and (2) we have :
4 = 3§ tan ¥, + 4. N €)|

tan Ys
where tan ¢, =

tan ys - tanf

APPENDIX III

Relationship between the two curvatures before and after spring back.

The bending momeant-curvature relationship is:

11
M = M, +Itana (———) R ¢ )

Pi _f_’z
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The beding moment-spring back relationship is :

M 1 1
— = = — = R 2
ET ',I Pl Pz :
‘ : 1 1
From (1) and (2), the retationship between — and — is given by
! Py F2
. 1 E 1 1 ‘
S S e O
P E-tana [ Fe -
This is ¢ linear relationship having :
E
Slope. =
E - tan o
~ 13400 ~
= = 1.01
13400—150 )
Equation (3) becomes
1 ~ 1 1
— = 101 — + — ‘ R ()]
Py P2 Py
1 .
where — = curvature attained when the fully plastic moment is applied.
Po '
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FlG.
(2> STRAIN DISTRIBUTION
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Load - Deflection Curve
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Bending Moment - Recovered Strain Curve
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